L—

AD-AL30 155

e

s

NETWORK REDUCTION
USING
ZRROR PREDICTION

THESTO

Michael V. Cilsdort!, Captain, USAF

AFIT/GE/ENG/90D-24

’in-wmvm* ‘*'raﬂp..hnc H’l‘-
iq,.:r,\ u” w.)nhwrad

Y i

e d

' m m 6%‘ T+ BiR

s AR UNER ST
LQSTI? U'ﬁ E OF ¢ TE




AF1IT/GE/ENG/90D-24

NETWORK REDUCTION
USING
ERROR PREDICTION
THESIS
Michael V. Gilsdorf, Captain, USAF

AFIT/GE/ENG/90D-24

Approved for public release; distribution unlimited




AFIT/GE/ENG/90D-24

NETWORK REDUCTION USING ERROR PREDICTION

THESIS

Presented to the School Of Engineering
of the Air Force Institute of Technology
Air University
In Partial Fulfillment of the
Requirements for the Degree of

Master of Science in Electrical Engineering

Michael V. Gilsdorf, B.S.

Captain, USAF

December 1990

Approved for public release; distribution unlimited -



Acknowledgments

I would like to express my thanks to my family and friends who
offered their prayers, words of encouragement, and support. In
addition, I would like to express my special thanks to Dr. Steven
K. Rogers, my thesis advisor, along with Dr. Mark E. Oxley for
their assistance, special insight, and interesting discussions

throughout this undertaking.

ii




Table of Contents

Acknowledgments

Abstract

I. Introduction

Background

Mapping Functions
Training

Problem Statement

Scope

Methodology and Approach

Thesis Organization

IJI. Literature Review

Background

Explanation and description
Justification

Scope

Methodology and Organization
Discussion of the Literature

Conclusion

iii

Page

ii




III. Analysis and Results
Network Equations
Taylor Series
Convergence Analysis
Error Predicting Function

Network Reduction

IV. Summary and Conclusion

Final Recommendations

Bibliography

iv




Abstract

’

This thesis investigates gradient descent learning algorithms
for multi-layer feed forward neural networks. A technique 1is
developed which uses error prediction to reduce the number of
weights/nodes in a network. The research begins by studying the
first and second ordar back-prop training algorithms along with
their convergence properties. A network is reduced by making an
estimate of the amount of error which would occur when a weight(s)
is removed. This error estimate i: +hen used to determine if a
particular weight is essential to the operation of the network. If
not, it 1is removed and the network retrained. The process is
repeated until the network is reduced to the desired size, or the

error becomes unacceptable.




I Introduction

Background

In recent years neural networks have become a focus for study
of many scholars because they hold the promise to solve complex
problems in a rather short period of time. Some of today's
problems can be difficult to solve, and may require many hours of
computer time Jjust to arrive at an approximate solution.
Unfortunately, in many cases an answer may be needed in real time,
(almost immediately) as soon as the input data is received or
generated. Some examples which are getting a lot of attention
today are pattern and speech recognition systems. These systenms
are being employed to operate or guide vehicles or defensive
systems where a change initiated by the surrounding environment
demands an immediate response. A defense system utilizing target
recognition requires potential targets be identified quickly and
accurately if it is to be of any use. Obviously, the accuracy and
response time of a system are critical factors which can make major
contributions to the final outcome. In situations where seccrAds
count, it can make a difference between life and death - success or

failure.




Mapping Functions

Scientist and mathematicians realized early on that mapping
functions might hold the answer to solving complex problems
rapidly. If the correct mapping function for a particular problem
could be found, it could be employed to solve the problem
relatively quickly and directly without the need of arduous time
consuming repetitive calculations. The input data could simply be
"presented" to the function, and the output solution calculated.
However, finding the right mapping function for a given problem was

not always an easy task.

Neural networks promised to overcome many of the difficulties
associated with complex problens. Basically, a network can be
thought of as a mathematical function which attempts to map a set
of input variables to a desired set of output variables (i.e.,
classes). A network can provide a solution quite fast once it has
been trained to respond to a particular problem. Training, on the
other hand, can be very time intensive. It can range from minutes
to hours or even days depending upon the accuracy desired.
However, a network's response time is not necessarily hindered due
to the training requirement. Depending upon the type of network,
training can take place prior to the presentation of input (test)
data. In this way a neural network can arrive at a solution

quickly, simply by applying the test data to the mapping function.




Training

In some cases a network can fail its training process. This
is generally caused by the failure of the training algorithm to
converge to the proper set of parameters (weights). Reasons for
this can vary, and can be attributed to such things as poor
convergence properties of the training algorithm, incorrect initial
conditions, poor network architecture, insufficient number of

training examples, and/or poor input training data.

There are two factors which are major influences affecting
training time. The first of these is the type of training
algorithm used. Among training algorithms, two features which are
highly desirable are small size (in terms of program code length),
and good convergence properties. However, these two features tend
to be self-opposing. In a general sense, improving the convergence
property of an algorithm usually produces a larger size algorithm.
For example, although second order training algorithms tend to
converge faster, their algorithms are longer and require more time
to compute than their first order counterparts. The key to
choosing an algorithm with good training speed is to pick one which
strikes an optimum balance between length of code and rate of
convergence. Little is gained in terms of speed if the training
algorithm converges twice as fast for each training iteration, but

each iteration takes 10 times as long (Ruck, 1989).




The second major factor which affects training time is the
size of the network or its architecture. Larger nets take longer
to train due to the increase number of nodal calculations. Also,

as the number of layers increase, the net's complexity increases

too. Larger nets can, in certain instances, exhibit a higher
degree of accuracy. However, increasing the size of the network
does not in itself lead to better precision. Rather, accuracy is

influenced by many factors among which is the accuracy and amount
of training data. Certainly, garbage in will produce garbage out

regardless of the size or architecture of the network.

Problem Statement

This research will investigate gradient descent learning
algorithms for multi-layer feed forward networks. A technique will
be developed that will use error prediction to determine the
contribution of the various weights and nodes to the overall
solution of a given size neural network. It will investigate ways
to reduce the size of a net using both first and second order

training algorithms and error prediction techniques.




Scope

The goal of this research is to devise a method that will
train a network while at the same time determine which of the
weights and nodes are essential and which are not. The non-
essential weights are those weights which when removed result in
the least amount of acceptable error. Equivalently, the sam~ holds
true for the nodes. A node can be removed if the error associated

with removing all its weights results in an admissible error.

Current technicues which attempt to prioritize the importance
of weights (or nodes) use a process called saliency. Saliency
assign a number to each parameter (i.e., rank orders the weights or
nodes) based upon its relative importance to the network. The
saliency number for a particular parameter is based upon the amount
of error induced at the output when that one parameter is removed
from the net. Once the parameter with the lowest saliency is
found, it is then permanently removed, the network retrained, and
the process repeated again o:n the "pruned" network until the net is
reduced to the desired size, or the output error is excessive.
This entire training and pruning process can be slow and require a
considerable amount of time especially for large networks. This
research will attempt to improve upon this method by examining ways
to improve the training algorithm (e.g., using a second order

method), and by eliminating one or more parameters at the same time




based upon a prediction of the error. The amount of error
associated with one or more weights will be estimated by using a
Taylor series along with first and second order information
gathered during the training process. By using this technique it
is hoped that a network can be trained and reduced to its essential

elements in a relatively short period of time.

For this research two layer networks will be used to study the
training and reduction problem. A two .ayer network is defined as
a network having one output layer and one hidden layer. OCne or
both 1layers can employ non-linear squashing functions (e.g.,
sigmoids) at their nodal outputs. Two layer networks which have
linear outputs are classified as Cybenko networks, and are capable
of mapping any continuous function (Cybenko, 1989). These features
make Cybenko networks attractive since they are less complex, and
can be trained and reduced much faster than other multi-layer

networks.




Methodology and Approach

This research will be divided into two principle phases. The
purpose of the first phase is to examine the convergence properties
of the first and second order back-pronagation training algorithms
and improve upon them. Before testing the algorithms on a neural
network learning problem, however, they will first be applied to
well understood functions (i.e., polynomials in one variable) to
test their ability to converge to a known local minimum. The
algocrithms will be judged on how well they converge over a wide
range of starting values including all critical points (points of
inflection, minima, and maxima). In ¢ddition, the performance of
the second order algerithm will be compared to the first order to
study speed and convergence properties. One known drawback of the
second order multi-variable algorithm is its requirement to invert
a Hessian matrix. In general, the matrix may not be invertible, or
may be too time consuming to invert repeatedly for every iteration.
Should this be the case, either the first order algorithm will be
temporarily re-employed, or an approximation will be made using
only the elements lying alonag the principal or major diagonai (Le
Cun, 1989). Once the algorithms are tested on the polynomial (s),
tr 2y will be applied to various sizes of two layer networks to

observe how well convergence takes place.
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Figure 1. Error Function with Two Local Minima

The next phase will address the problem of error predicticn
and nodal reduction. As previously stated, a Taylor series along
with the weight's first and second order information about the
current value will be used to predict the amount of error when a
weight is removed (i.e., set to zero). Since the higher order
terms in the series expansion will not be computed, the Taylor
expression is valid only for a small neighborhood about the current
value. In other words, weights whose current value are already
close to zero are the only candidates which will likely produce an
accurate error prediction. See figure 1. The further away the
weight is from zero, the more likely the Taylor series estimate
will be in error due to the nature of the function and changes in
its concavity. This limitation appears to severely restrict the
number of weights which may be candidates for elimination. Should

the training algorithm converge to a local minimum having weights




all with values much larger than zero, then the error estimate
obtained with the Taylor series approximation will be highly in
doubt. To counter this, careful attention will be devoted to ways
of increasing the number of weights with values in the neighborhood
of zero during the training process. Once the weights are chosen
and their errors are calculated, the network will be pruned by
eliminating those wezsights which have a very low relative error.
Various size networks will be tested with the error prediction
technique. Each will be trained to solve the XOR problem. This
problem was chosen because it requires no more than three nodes -
two hidden and one output to reach a solution (Rogers, 1990).

Since the minimum network size for this problem is well known, it
appears to be an excellent bench-mark for testing the effectiveness

of the reduction technique.

The following recipe will be used to prune the network and

determine its essential weights:

(1) Train the net using both first and/or second order
algorithms while trying to maximize the number of weights in the

neighborhood of zero.




(2) Using only those weights in the neighborhood of zero,
make a prediction of the amount of error which would result when
the weight is eliminated - set to zero. Make the error estimate
using a Taylor series along with the first and second order

information for the weight's current value.

(3) Retrain the net with the weights removed, and compare the

error with the predicted error.

(4) Repeat steps (2) and (3) as necessary until the desired

size net is achieved, or the error is unacceptable.

Thesis Organization

This thesis is divided into four chapters. The first chapter
provides a brief introduction of the topic along with a problem
statement and methodology. The literature review in chapter two
consists of a presentation and review of material which has been
published in the field relating to the problem at hand. Chapter
three, the analysis and results, is comprised of a presentation and
discussion of the ecuations and algorithms used along with the
results of the research. The fourth chapter provides a conclusion

and summary.

[
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IT Literature Review

Background

Neural networks have a unique ability to quickly solve complex
problems ranging from object identification to speech recognition.
They appear to offer a decisive advantage over other classical
methods such as auto-correlation and Fourier analysis. These
latter techniques can sometimes require many intensive and sometime
repetitious calculations over vast amounts of data before reaching
a solution. A trained neural net, on the other hand, can render a
decision almost immediately when presented with the input data
(i.e., feature set). In the case of pattern recognition, the
feature set could include such characteristics as an object's size,

shape, color, or aspect ratio.

One important but basic question which still remains largely
unanswered pertains to the network architecture. How large should
a network be for it to properly recognize an object, or make the
correct decision? How many hidden layers and nodes are required?
How should the hidden layers of a net be interconnected? Although
rules of thumb and past experience have played key roles in network
design in the past, a more disciplined method would be very
desirable. For example, optimizing the size of a net could allow

network engineers the means to design and build neural networks no




larger than 1is required to solve a particular problem. Not only
can smaller nets be more economical to design and construct, but
they can provide real benefits in terms of their cperating ability.
Smaller nets not only learn faster, but require less training
examples. Generalization is another factor which can be influenced
by the network architecture. Generalization is a term used to
describe a network's ability to correctly respond to new input data
which it has not been trained on. That is, the new data is not
contained in the training data. Le Cun showed that networks which
contain too many nodes and interconnections tend to generalize

rather poorly (Le Cun, 1990).




Explanation and Description

Neural networks can be quite large, consisting of many layers
of interconnecting nodal neurons. These networks can be
constructed via software or hardware methods; however, software
methods offer greater flexibility at the design level making
changes much easier to implement. Figure 2 shows a typical feed
forward network comprised of nine nodes and their interconnections.
These nodes are arranged in three layers with the bottom and top
layers providing the inputs and outputs of the network,
respectively. Since only the top two layers have summing nodes,
the net is referred to as a two-layer network. The bottom layer
nodes serve only as inputs to the network. The middle layer is
called a "hidden" layer since it is sandwiched between two other
layers and its outputs drive the inputs of the layer immediately

above it.
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Figure 2. Typical Neural Network Modal

Notice that each layer has multiple input and output connections.
For each layer, input connections are situated at the bottom of the
node; whereas, the output connections are located at the top. Nets
of this type are referred to as multi-layer perceptrons. Also
notice that each interconnection has a weighting factor (i.e.,
weight) associated with it. See figure 3. The weight is a numeric
value assigned to each interconnection which determines the
infinence or gain of a particular connection. ©One input connection
is assigned an input value of one, and has a weight associated with
it known as the bias. This combination provides the summing node
an offset allowing its output to vary as needed independent of the

other inputs. It is analogous to the DC component in a Fourier

transform.




INPUTS

Figure 3. Typical Neural Node

The output nodes of a network relate directly to the number of
classes the net is asked to distinguish. For example, if a net
were designed to recognize one object from a set of 10, the net
could be designed with 10 outputs - one per object. Typically, a
network recognizes an object by setting the output corresponding to
the found object to a value of one, while setting all other outputs

to zero.

In order for a network to correctly respond to a given
problem, it must first be trained. Training is the process by
which the weights of a network are calculated and assigned values.
It is their values which make a net respond to a spec.fic input
stimuli, and allow it to map the input data to the desired output
classification. The values assigned are unique and relate

directly to the task at hand. However, determining the values for




the weights is a non-trivial problem. Various different training
algorithms have been formulated with the Back Propagation (or error
correction) algorithm being the most widely used (Werbos, 1974).
This training algorithm requires one to apply the known input
features to the network, and then perform an iterative computation
to determine the network's weights. This process begins by
initializing the weights (e.g., some random number), then have the
net calculate the outputs. The calculated outputs are compared to
the desired outputs, and any differences or errors are used to
generate a new set of values for the weights. The process is then
repeated using the new weights, and continues until the desired
output error is achieved. Once the iterative process is complete,

the network has learned which weights to use for the given problem.

Justification

The reason for this literature review is to present a brief
overview of the work conducted by other researchers which may
contribute to solving the network reduction problem. Also, to
understand the problem, one must first have knowledge of the
current research in this field. Certainly, it would be helpful to
examine reduction techniques applied to other areas of the network
(e.g., feature input space), and determine whether the same

techniques may be applied to reduce the number of nodes and




weights. One critical question which will be explored is what
happens to a network when its nodes are removed. Can it still
continue to operate effectively? If not, what performance factors
are degraded, and in what way? How will the net's ability to
generalize be affected? Another area of concern deals with the
training algorithms used to determine the weights of the network.
Since each node is fed by a set of weights, a node might not be
needed if all weights feeding the node have very small values
approaching zero. By examining the training algorithms, it 1is
hoped that the network could be pruned while it is being trained

(i.e., reduced on the fly).

Scope

This literature review will focus on areas which concern
themselves directly with neural networks. Also, since the problem
is to reduce the size of the network, it is important to examine
any network component or factor which directly or indirectly
affects the quantity or behavior of the weights and nodes. This
includes both input and output parameters, as well as training
algorithms. Each is hoped will lead to solving a bit of the

puzzle.




Methodoloqy and Organization

This literature review will begin by presenting information
which describes how a network operates, and how the number of nocdes
affect the net's recognition process. It will also include a
discussion of factors which are known to determine the number of
input and output nodes. After addressing network generalities, an
examination of the some of the more popular training algorithms
will be presented. This discussion will look at some of the
current techniques used to generate values for the weights in the

network.

Discussion of the Literature

Designing and constructing smaller size neural networks lends
advantages in reduced construction costs as well as training time.
How large a network should be to solve a given problem is only
partially understood. Sizing the number of nodes for the input and
output layers is known to depend upon the I/O0 environment. For
example, the number of input nodes relate directly to the number of
input features. The more input features needed to distinguish a
particular class or object, the more input nodes are required. The
problem of determining which features are essential and which are
not was studied by Ruck. He presented a method which was able to

distinguish between essential and non-essential features (Ruck,




1989). As a result non-essential features could be discarded,
which in turn eliminated input nodes and reduced the size of the

net's input layer.

The number of output nodes of a network is dependent upon the
number of classifications (e.g., objects) the net is asked to
recognize. Each classification requires one output node. As in
the case of the input nodes, the output nodes have a one-to-one

relationship.

Little is known about how to determine the number of hidden
layers, or for that matter, the number of nodes in the layer.
Presently, many engineers and designers use rules of thumb, or
trial and error methods. Although nets designed in this manner can
operate quite acceptably, they can contain weights and nodes which
appear to be non-essential. Tarr was able to demonstrate this, and
show that some nets contained nodes within the hidden layers which
appeared to contribute little to the net's problem solving ability
(Tarr, 1988). He also discovered that as certain inner nodes were
removed from the network, the net could still continue to perform

satisfactorily.

Various algorithms have been formulated to train networks.
Fach have their advantages and disadvantages. Some are faster

while others not as precise. Still others fail to converge to the




set of weights which provide the minimum output error. Much of the
research on neural networks is focusing on these problems.
Chiueh's paper is an excellent source for training algorithms
(Chiueh, 1988). He discusses many of the more common algorithms
used for training neural nets. Although the Back Propagation
algorithm is perhaps the most popular training algorithm due to its
simplicity, it is by no means perfect. Not only may it require
many thousands of iterations to train a net, it scmetimes fails to
converde to the correct set of weights. Becker showed a way to
improve the convergence properties of the back-prop algorithm. Her
technique involved the use of second order methods which promised
a reduction in the number of iterations with only a small increase

in computational complexity and trainir , ..mc (Recker, 1989).

Singhal and Wu decide! to arnly the Extended Kalman filtering
algorithm and test its training ability on multi-layer perceptrons
(Singhal, 1989). The Kalman algorithm works by approximating a
linear region around the current estimate within the non-linear
field. This 1linear region 1is updated as new estimates are
calculated until the change (or error) is very small. Singhal and
Wu tested the algorithm on two classic problems, the XOR and Meshed
Disconnected regions. The results were then compared to those
obtained using the back propagation algorithm. The number of

iterations for both algorithms was 1limited to a maximum of




approximately 2000, with the error calculated using the root mean

square error over all the training data.

Singhal and Wu claimed the Extended Kalman algorithm trained
in just a "few iterations". Their results showed that the Kalman
algorithm achieved a lower error after 5 or 10 iterations than the
back-prop achieved after 2000. However, one must be careful in
drawing any overall conclusion from this. First, the Kalman
algorithm was tested and compared on only two sets of training
data, and the size of the net vsed was relatively small compared to
those used to solve more complex problems such as speech
recognition. How well a complex net would train using an Kalman
algorithm is yet to be seen. Second, although the Kalman trained
in fewer iterations, the number of calculations requir=d for each
iteration was much more intensive than that required by the back-
prop. Therefore, when comparing training times, the advantage of

the Kalman algorithm diminishes (Ruck, 1990).

It is not fully understood why a given training algorithm
sometimes fails to converge; however, convergence can scmetimes be
achieved by changing the number of input parameters or the size of
the net. Also, an algorithm may fail to converge if the initial
values assigned to the weights were inappropriate. Convergence can
sometimes be achieved by assigning a new set of weights to the net

and running the algor ithm again. Wang has studied this problem and




proposed a traininc algorithm which exhibits strong global
convergence properties for varying network sizes and configurations
(Wang, 1988). His algorithm uses both first and second order
derivatives to ensure convergence. However, sometimes an algorithm
can converde to a local minimum rather than a global minimum. Baba
suggests that perhaps the Matyas and its modified algorithm might
be applied to the back-prop error function to ensure a global
minimum (Baba, 1989). But again, these techniques appear to be at

the expense higher complexity and longer training times.

Ahmad and Tesaufo were attempting to gain some insight into
the relationships between the size of the net, the number of
training patterns, and their effect upon the net's generalization
ability for various changes to the inputs (Ahmad, 1989). Their
results showed that for a given network size, its ability to
correctly respond to a set of inputs was proportional to the number
of training sets. They found that th: failure rate decreased
exponentially as the number of training sets applied to the net
increased. Ahmad and Tesauro also found that the failure rate was
approximately constant for a given number of training sets even
though the number of inputs varied. This may have been due to the

somewhat boolean-like linear function the net was being trained Lo

respond to. Whether the relationship is true in general is
unknown. Also, they reported that a '"minor" change to the input
produced a significant change in the net's performance. It was

[\
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also stated that the specific training patterns used had a large
influence on the net's final weights and its ability to generalize.
Although their work was not conclusive, it did provide some
addition insight into the relationships which affect training.
Their mathematical analysis presented may be a basis for further

research.

Some researchers have already bequn looking at ways to reduce
or optimize the size of neural networks. Le Cun, Denker, and Sclla
published a paper which examined the use of a second order
technique to reduce the number of nodes and weights in a network
(Le Cun, 1990). They presented a "recipe" which describes how to
perform the reduction. Their results appeared to show that the
second order technique to be quite effective - at least for the
given problem (recognizing hand-written characters). However, the
results may not be true in general. The method they used to
calculate the inverse matrix was an approximation which ignored the
off diagonal terms. This approximation 1is based upon three
assumptions, of which the failure of any one, invalidates the
approximation. Although the general methodology presented appears
valid, further study may be needed before the technique should be

applied to nets in general.

[\e]
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Sietsma also studied ways to prune nets and their effect on
generalization. She states:

The ability to generalize, to give correct outputs for

inputs not in the training set, is probably the most

important strength of artificial neural networks. At

the same time "good generalization'" is difficult to

define. ... If the training set does not adequately

define the classes, the networks may generalize in a

way which is very "reasonable" but which is not what

was intended or desired by the experimenter (Sietsma,

1950).
She continues by saying that she found that nets which were pruned
(or minimized) are frequently plagued by local minima when
undergoing training. It was unclear what she meant by this since
the training process is meant to converge to a local minimum.
Supposedly, she was referring to the situation where the training

algorithm converged (or appeared to converge) to a local minimum

where the error was unacceptable.

Ishikawa took a different approach to the minimization
problem. He suggests the problem of minimization can be best
overcome by the use of a new training algorithm, a structured
learning algorithm. He states that although the back-prop
algorithm is simple and popular, it suffers from two serious
drawbacks. First, it requires the designer to draw up an initial
model of a network prior to reduction. This model is generally
developed by trial and error methods, or rules of thumb based upon
past experience. The designer almost needs some prior knowledge of

the network - something which is not available in many instances.

2-~14




The second problem which Ishikawa discusses is the difficulty one
has at interpreting the meaning of the nodes in the inner (or
hidden) layers. Since the network is modeled in a non-structured
manner, the nodes in the inner layer have a meaning to the net, but

may have no direct interpretation to humans (Ishikawa, 1989).

Conclusion

The problem of determining the number of nodes necessary for
a network to solve a given problem appears to depend significantly
on its initial architecture and training algorithm. Portions of
the architecture consisting of the input and output layers can be
analyzed to determine the required number of nodes. The number of
input nodes depends on the number of input features representing
the input data. Reducing the object's feature set can reduce the
number of input nodes. On the other hand, the number of output
nodes depends upon the number of objects or items the network is
asked to classify. When asked to differentiate and recognize a
large number of classifications, both the network and the feature
set can be quite large. However, determining the number of nodes
lying in the inner layers of the net is for the most part an
unsolved problem. An analysis of the training algorithms may hold
the key to understanding how to determine which inner nodes are
essential. The training algorithms determine the weights, and the

weight's value determine the importance of a node to the network.

o
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IIT Analysis and Results

Network Equations

Since a Taylor series will be used to make an estimate of the
error when a weight is nulled, we begin by deriving the equation
which expresses the error as a function of the weights. This is
done by generating the equations at each layer, beginning at the
top, and continuing down to the lowest layer in the net. Although
this derivation is for a 2-layer network, the process is the same
for a network composed of any number of layers. We begin by

defining the total network error over all training samples to be:

(1)

where

E. is the total error
E, 1s the input pattern error

PN 1. P 1 -~
are trne weignts.




Now, the pattern error is the difference between the net's
calculated output and the desired output for a specific input
pattern. Notice, hLowever, that if the pattern error is always
greater than or equal to zero, then the total error can be
minimized simply by minimizing each pattern error. To ensure the
pattern error is non-negative, we define the error for the pth

input pattern to be:

(2)

1\)]>—l

(D= Y2,)
1

where

D, 1s the desired output
Y2, is the 2nd layer output
K is the number of 2nd layer outputs.

Defining the pattern error in this manner provides another
advantage which will be exploited later, namely the derivative is

simpler.




Working cown from the top of the net, the equations at each

layer can be derived. For a particular kth output the expression
is:

(3)
Y2, = £,(52,)

where

52, L5 lhe 2nd layer Suwmmatior
f, i1s the 2nd layer function
Linear:
£.(52,)
£r(S2,)
£(S2,) =0
Sigmoid:
£.(52,) = (1+ e

)
O
=
S
Cr
ke
=
=
cr

[T
= O
N
~

£1(52,) = £7(S2,) -£,(52,)
£(S2,) = £i(82,) -2 £.(52,) £, (52,)

For a Cybenko network, the linear function is used in lieu of the

sigmcid {(Cybenko, 1989).




Next, the equation which expresses the output of the kth
summing node in terms of its inputs is:

(4)

where

~

WZLk i35 tne
Ylj is the 1
J 1s the number of 1st layer outputs.

Now, the ingredients are on hand to express the pattern error as a
function of the 2nd-layer weights. Combining the 1last three
expressions gives:

(5)

2
K J
- 115 -
E, = kz :1 E(Dk f,(E :sz,kyzj]]
j=1




Next, the partial derivatives for the error pattern with
respect to a 2nd-layer weight are computed. The first partial
derivatives can be derived by using the chain rule:

(7)

0E, _ « OE, dvzy 9sz

owz; , = 0Y2; dSzp oWz,

Since
0S2
K =0 for £+ k
then (8)
25, _ 9B, dyz, 952,
wZ;,, 0Y2, dsz, oWz, ,
where
9, _ Y2 -D
Y2, ko Tk
dyz, p
= fL.(82,
dsz, k(525
352,
= Ylj.




Also, the second partial derivatives for the 2nd-layer can be

derived using the chain rule along with product rule:

(9)

FE, F°E, dyz, 0952, OE, o vz, 052,
= +

owzt ,  OW2;,0Y2, dS2, owz; ,  0Y2, W2, 052, dW2; ,
0E, dY2, 3°52,

Y2, dS2, ay2? ,

where
3°52,
ow23

Fyz2,  d*Yz, 952,
aWZj'kaSZK d5212< aWZj’k

= £i(52,) Y1,

I E, E, dY2, 0952,
Iw2;,0Y2,  gyz: dS2, oWz,

= £1(52) Y1,

After substituting and simplifying, the partial derivative

equations for the 2nd-layer finally becone:

(10)
OF ,
aWij = (Y2, -D,) £x(52,) Y1,

and
(11)
O°E
D= ¥18 £ (8202 + Y12 £(52,) (Y2,-D,).

w23, '




Deriving the error expressions for the bottom layer is
performed much like it was for the top. The equation expressing

the jth output of the 1st-layer is:
(12)

Yi; = fj(Slj)

where

3 tie 18t iayer squashin unct&ion
Sigmoid:

£,(81;) =(1 + )7

-7 - -2

r%(51j) = fé(SlJ) r](flj)

fj(SlJ) = f (Slj)“Z f}(Slj)fJ(Sl])

The equation which exvresses the output of the jth summing node in

terms of its inputs is:

where
W1, . 1is the 1st layer weight

1,7

X1, 1s the input
I is the number of inputs.




The final equation which expresses the pattern error as a
function of both the weights and the input can ncow be formulated.
It is found by back substituting the last two expressions into the

lst-layer equation.

(14)




The partial derivatives for the pattern error with respect to
a lst-layer weight can now be computed using the chain rule. The

first partial derivative becomes:

(15)
X J
9B _ Yy 0E, dY2, 052, dYy1l; 0S1;
oW1, ; £ bt Y2, ds2, 0dY1l:dSi;owl, ,
Since
—giii-= 0 for =+ 7
oW1, ,
then (16)
OE, _ XK: 0E, dv2, 952, dY1, 951,
oWl ; {4 0Y2, dSz2, 0Y1l, dS1; owi, ,
where
052
X = W2,
oY1, .
dvi.
dSl: = fj(Sl )
051,
= X1;.
oW1; ;

The remaining partial deriva* ‘ves were previously computed.




The second partial derivatives for the 1st-layer can also be

derived. (17)
ZK:———azEp 5 ppp v P, 0% popop
aw1 fo oW1 Oyz2, TPTRTATS Yowi; ;52,2 T4TS
0°s2, Y1,

t+ PPy mor—o——P, P, + PP P
towr; Qyi; et TRUE

3

oW1, ;051

0“S1 .
* P1P2P3P4 a]
OW1;, ;
where:
FS1; .
wis ;
oY1, d?Y1. 951,
I = J I = £l(s1,) X2,
oW1, ,051; ds1? w1, .
3s2,
Wi, dv1.
Wi, ,0Y1;
drz, d*y2, 052, dy1; 951,

k J 4 /
= - 1= £l(S2,) W2, (Fi(S1,) X

OE 0‘E_dY2, 052, dY1, 051,
£ = £ k k J J —fk(52) 2; z(f (51,)X
p, = 9%, = Y2, -D
1 aYZk k k
dvz, /
p., = = (352
2 dSZk k( k)
asz, o
P = = = ,
3 oY1 Ik
dyl. ,
= I = £.(81,
& dsi, 3(515)
351,
p, = ——L = XI,
oW1, .

1,7




After substituting and simplifying the above expressions, the

partial derivative equations for the lst-layer finally simplify to:

(18)
OF ol p \ ,
P = Y (Y2,-D) £,(S2,) W2, £5(S1,) X1,
aWIi,j k=1 i
and
(19)
a?E K ,
P = Y £4(82,) 2 £5(51,)% wW2j, . X1]
anfl] k=1

+ (Y2,-D,) £/(S2,) £5(51.,)% wa?  X17

+ (Y2,~Dy) £ (52,) £7(51,) W2,  X1]




Taylor Series

This research will use the Taylor series in two important
areas: (1) the training algorithm and (2) the error predicting
function. The Taylor series for a multi-variable expression is
defined as:

(20)

E, (W) = E,(W,) +(W-W,) T VE, (W) +

|
=y
i
<o
~3
<
(38
gn
=
‘<|11
O
+

where

W are the weights WQLk; Wl;
W, is the current value of W
VE,(W,) is the gradient of E, evaluated at W,

VZ2E,(W,) 1s the Hessian of E, evaluated at W,

To train a network, an algorithm is chosen which will find the
set of weights which will minimize the error. First impressions
might lead one to believe that finding a root of the error function
will provide the correct set of weights. However, notice that the
error expression is never negative, and additionally, there is no
guarantee the error function will ever be zero for any set of
weights. Therefore, a better algorithm to use is one that searches
for a local minimum. Essentially, this process can be viewed as an

unconstrained minimization problen.




Most algorithms which find a root of a function can be used to
search for a local minimum (or maximum). Elementary calculus tells
us that for a differentiable function a local minimum must occur
where the first derivative of a function is zero. Hence, searching
for a root of the first derivative will either provide a minimum or
maximum. Newton's method is one such algorithm which can be used
to search for a root. It can be easily altered to search for a
minimum or maximum. The algorithm has its origins with the Taylor
series, and uses only the first few terms of the expansion to
approximate a function near a point. By applying the algorithm
iteratively, it may cr may not converge depending upon the nature

of the function and initial conditions.
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Using the Taylor series to approximate a multi-variable function
(e.g., error function), Newton's second order algorithm for finding

a minimum or maximum is derived as follows:

(21)
5y - p T = 1zr o a
Ep(W) = E (Wy) + ST VE (W) + =5 VZE (W,)S
Since
VE,(W,) =0 at a maximum or minimum point,
then
0 = V E,(W,) +V2E, (W,)
or
(22)

S = -[VZ*E (W) ] VE,(W,) where S = W, -W,




Notice, this algorithm requires the inverse of the Hessian matrix -

a time consuming task. Furthermore, there is no gquarantee the
matrix will be invertible. Le Cun's method uses a slightly
different form of the algorithm. It ignores the off diagonal

elements of the Hessian, and treats it as a diagonalized matrix.
Hence, the inversion is much simpler and faster (Le Cun, 1989).
Using this Hessian approximation, the algorithm can now be
expressed in terms of one weight along with its first and second

order information:

(23)
JE
p 7
. _ ow
1T Q azEp
FPe (W)

This algorithm provides the foundation for the first and second
order back-prop training algorithm. With a slight modification it
can be used to search for a minimum by forcing the algorithm to

"follow" the direction of the negative gradient.




This algorithm (24) is referred to as a pseudo second order back-

prop, hereby referred to as simply the second order training

algorithm:
(24)
E“(V)
& VO
W, = W, ———afg
P
w2 °
It

The first order back-prop is merely a degenerate form of this.

sti1ll uses the first order term, but instead utilizes a constant

(eta inverse) to approximate the second order term:

(25)

JdE

W, = Wo_n—a‘“—f (W,)




Convergence Analysis

In order to achieve the stated goal of network minimization
through error prediction, it was necessary to examine the back-prop
training algorithm(ss along with their convergence properties.
This was essential if the number of weights with final values close
to zero were to be maximized. After all, it 1is the training
algorithm which determines the final values for the weights as it
searches to minimize the error function. Should the algorithm have
poor convergence properties in the vicinity of zero, it may diverge
and/or converge to an entirely different set of weights far removed
from zero, thus presenting less weights as candidates for error

prediction.
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Recall from the earlier discussion, that a Taylor series
truncated after just a few terms can only approximate a function.
The series is most accurate in the neighborhood of the current
weight value. Attempting to interpolate beyond this neighborhood
increases the chance of error, and can give an incorrect evaluaticn
of the function. Applying this fact to the problem at hand, namely
predicting the error when a weight is set to zero (i.e., nulled),
presents a major problem. Suppose a network is trained (error is
minimized), and the local minimum is such that all weights have
values much greater than zero. This would result in a situation
where the Taylor series would not give an accurate estimate of the
error when a weight is nulled. It is certainly possible that there
may exist another local minimum which does have one or more weights
with values close to zero. But, how do we find it? How do we
minimize the error function while at the same time maximizing the

number of weights in the neighborhood of zero?

The first attempt at maximizing the number of weights in the
vicinity of zero revolved around the question of whether
initializing the weights to values close to zero would increase the
number of weights with final values close to zero. The answer

seemed to be a qualified yes, provided the value(s) were within an

interval of convergence. However, should this not be the case

(e.g., close to an inflection point), then the algorithm could

diverge to another set of weights far removed. To test this
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hypothesis, a two-layer network (15 hidden nerdes) was trained to
solve the XOR problem using the first order training algorithm.
First, it was trained using initial values uniformly distributed
between -5.0 to 5.0, =-3.0 and 3.0, -1.0 and 1.0, and then finally
between -~0.5 and 0.5. After the network was trained the weights
were examined to detrermine how many had final values between -1.0

and 1.0. The results are tabulated below.

Table I. Weight Value and Count

Initial Weights Number of Weights
of Weights Between -1.0 and 1.0

-5.0 to
-3.0 to
-1.0 to
-0.5 to

The results were inconclusive, but they did appear to show
that when the weights were initialized with values close to zero,
the chances of having weights with final values close to zero were

increased.




A
S\

| | I
A X B
Figure 4. Pt A is "Closest Minimum” to Pt X

In hopes of further increasing the number of weights close to
zero, the convergence properties of the training algorithm(s) were
examined. For this analysis it was necessary to apply the
algorithms to a function with known peints of inflection, minima,
and maxima to test how each algorithm was able to converge to the
"closest minimum". The "closest minimum" to a point x is defined
as the local minimum where the function is monotonic for the
interval bounded by a local minimum and point x. See Figure 4. 1In
other words, even though point B is closer to point x, the
algorithm will have a tendency to converge towards point A due to

the monotonic behavior of the function between points A and x.




The function chosen to study tile convergence properties of the
training algorithms was a 6th degree polynomial in w, a weight.

(26)
plw) = (w=1) (w=-2)2(w-3) (w=4) (w-5) + 10

Like the error function, the polynomial was positive for all values
of w. Although a polynomial in one variable does not approximate
a network error function, it can, nevertheless, be useful for
testing the convergence ability of an algorithm. Certainly, if the
algorithm exhibits poor convergence tendencies for the polynomial,
its ability to converge for a network error function will be

questionable.

The first algorithm tested was the first order back-prop.
With a small value of eta (0.035) the algorithm converged, but its
convergence was very slow (27 iterations), especially when the
initial value was far from the local minimum. When the algorithm

eventually converged, it did not always converge to the "closest

minimum". When eta was increased to 0.35 the algorithm approached
a local minimum much quicker, but failed to converge. Instead it
had a tendency to consistently overshoot the minimum - bouncing

back and forth. The results of this test showed that the value of
eta had a marked effect on the ability of the first order algorithm

to converge to a local minimum.




It appeared that a large value of eta was necessary when far
from the local minimum, while a small value of eta v2., r~ -assary
when close to the minimum. To capitalize on this finding, it was
decided to rewrite tae first order algorithm to allow for a wzrying
eta. Eta was initialized to a value of 0.35, und its value was
doubled if the sign of the first derivative was unchanged. If the
sign changed, indicating the presence of a local minimum, the value
of eta was reduced by 3/8ths. After making this modification, the
first order algorithm was retested. It was found to converge to a
local minimum much faster than before, but it was not always to the
"closest minimum. With the same initial value as before (50), the
algorithm converged in about half the number of iterations (12
versus 27). These results varied depending upcon the initial value,
but in all 10 cases using different initial conditions the
convergence rate was equal or better with the varying eta than with

a fixed eta.




Next, the first order algorithm with a momentum term was

applied to the polynomial.

where

W, 15 the previous weight
W, 1s the current weight
W, 1s the updated weight
o 1s a fixed constant.

Again, using a fixed eta (first 0.035 and then 0.35) and an
alpha of 0.,, the algorithm failed to converge, but consistently
overshot the 1local minimum. When compared to the fixed eta
algorithm without the momentum term, it did approach the region of
the local minimum in less iterations. However, the results did not
fair as well as those using the varying eta. One important fact
was observed with all 3 first order algorithms. If the value of
the first derivative was at or near zero, the algorithm either
failed to converge to a local minimum, or converged very slowly.
None of the first order algorithms consistently converged to the
"closest minimum"; therefore, they did not offer much promise in

solving the network reduction problem.




Next, the second order back-prop was tested using the same

polynomial. Recall the algorithm is:

(28)
OF
P
_ i (W,)
1 0
0°E
aw2p o)

Notice, the algorithm could fail to converge to a minimum should

its 1initial wvalue place it at a 1local maximum (i.e., first
derivavive is zero). Also, notice that the algorithm is undefined
at a point of inflection (i.e., second derivative is zero). To

prevent these events from occurring, a check was performed to
ensure the algorithm was not at a maximum point, and the algorithm

was modified slightly as follows:

(29)

2,

ow

3*E,
ow?

Wy = Wy - -

where € << desired error.

When the algorithm was tested on the polynomial, the results showed
it to "always" converge to a local minimum regardless of the
initial value. When the initial value was on or near a point of
inflection, the algorithm provided a sequence of weights that moved

to some distant point, but then eventually found its way to a local
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minimum. However, this tendency to "always" converge may be due to
the nature of the poly.uomial rather than a property of the
algorithm itself. At the extremities of the given polynomial,
there were no inflection points between an extreme value of w and
the "closest minimum". Hence, once the algorithm diverged to a
distant point, the algorithm was able to converge to the "closest

minimum" without passing through a point of inflection.

The ability of the second order algorithm to converge to the
"closest minimum" for certain values or intervals of w lead to the
question of whether these intervals could be calculated. 1If so,
then the algorithm was assured of converging to the "closest
minimum" when it was within an interval of convergence. If the
value of w was outside the interval, then perhaps a different
algorithm (one which did not cause divergence to some extreme
point) could be applied temporarily until entering an interval of

convergence.




To find the interval of convergence for the second order back-
prop, we first find the interval of convergence for the general

second order expression.

Let
(30)
G(w) = w+ S (w)
where
oF
TF(W)
Stw) = - ¥
azEp \
(w)
ow?

We will call s(w) the stepping function since it describes how much
to increase or decrease the weight w with each iteration. The
sequence
G(w ) = G(w)

is guaranteed to converge if

-1 < G'(w) < 1
Now,

G'(w) = 1 + S*(w)
so the sequence G(w) will converge if

-2 < S*'(w) < O

We will define S8'(w) to be the convergence factor.
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For the general second order expression, the convergence factor is

OE J3E
R]E(W)'a—f(w')
S (w) = = w ) 1
E
D
( Ow? (W))
or
3
—a—E—3‘°(w)
S'(w) = -S(w 9 1
JE;
—(w)
Oow?

where we approximate the third partial derivative

2
F E, ()
83Ep ) Ow?
ow? T T Aw

(31)

(32)




This expression (32) 1is also valid for the second order

training algorithm

(33)
oE
J&d
SR
1 0 5
[“}’ )
owe

converges to a local minimum provided
2
0°E,

> 0
ows

When the proviso is not true, the algorithm can be expected to
diverge, as is the case when W; is near a local maximum. As we
will show shortly, diverging away from a local maximum does not
necessarily mean the algorithm is converging to a minimum. This
depends upon the nature of the function such as the step size and
distance from the current point w to a region of convergence near

a minimum.



Figure 5. Monotoric Caonvergancs

< Ry

The above expression (33) is only a sufficient condition for
convergence. Figure 5 shows a stepping function, S(w), which meets
this condition. 1Its derivative always remains between 0 and =-2.

Hence, the sequence G(w) is guaranteed to converge to w,.

S

Figure 6. Monotonic & Alternating Convergance
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Figure 6, however, illustrates a stepping function which does
not meet the convergence condition, but, nevertheless, still
converges to point w,. Notice that so 1long as S8(w) remains
situated between the line 8 = 0 and the line passing through w,
with a slope of -2, then the sequence G(w) will converge to w,.
Notice too, if S{(w) remains between the lines 8§ = 0 and the line
passing through w, with slope of -1, then the sequence G(w) will
converge monotonically to point w,. Should S(w) fall between the
lines having slopes of -1 and -2 and passing through w,, then the
sequence G(W) will converge to w, in an alternating sequence.
(These two lines with slopes of -1 and -2 are shown in figu-e 6.)
The rate of convergence depends upon how close S{(w) follows the
line with a slope of -1. The closer S(w) is to this line, the
faster the rate of convergence. When S(w) is directly on this
line, then the sequence G(w) will converge to point w, in just one
iteration. For this example in figure 6, it can be easily seen
that the rate of convergence of the sequence G(w) varies
considerably. 1In summary, so long as S(w), 1is between the lines

with slopes 0 and -2 the sequence G(w) will converge.




S(W)

Max

Figure 7. S(W) for Typical Polynomial

Figure 7 shows S(w) for some polynomial. Observe how S(w)
extends outside the region of monotonic convergence defined by
S(w) = 0 and line(s) whose glope is -1. This occurs whenever the
function S(w) is undefined or in the neighborhood of an inflection
point. Also, note the value of 8(w) is zero at all minimum and
maximum points. However, for certain intervals of convergence it
can be seen that S(w) is converging quite slowly (i.e., not very
near to the line whose slope is -1). This is most pronounced at
the extremities of the given polynomial. It is also quite possible
that this may be the same situation for an error function. If so,
its rate of convergence could be very slow for very large values of

w.




It appeared that this problem might be solved by increasing
the step size, S(w), beyond the calculated value. If successful,
then the algorithm could converge to a minimum much faster. The
term used to describe this increase is hereby referred to as an
over-acceleration term. However, one must be careful when over-
accelerating the convergence of an algorithm. If the increase is
excessive, then the algorithm will over-shoot the minimum and may
fail to converge. This could be especially disastrous since we
desire the training algorithm to find the "closest minimum" to some
point w in the neighborhood of =zero. Since S(w) generally
indicates the closeness to a local minimum, it can be used to
inform us when to over-accelerate. Therefore, over-acceleration
will be used only when S(w) is large (i.e., greater than 10), and
then only if the result causes the function to decrease in value.
(If S(w) is large, we can assume the minimum is far away.) Over-
acceleration will not be used whenever w is near zero, regardless
of the wvalue of 8(w). It was decided to use the following
expression to increase the step size.

(34)

[
(o]

S(wy) Llogy|S(wy)|i  |S{wel| >
S(wy) =
S(Wo) ; |5(W0)| <10

where

S(w,) 1Is the step update
S(w,) 1s the current step

[88]
]
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This expression was chosen because it generates a small
increase in step size when the calculated step size is small, and
a large increase in step size when the calculated step size is
large. The principal advantage of over-acceleration 1is, when
successful, it can save a number of iterations. However, it does
require a small amount of additional time to calculate and test -

a small price to pay considering the potential savings.

Over-acceleration was incorporated into the second order
algorithm and applied to the given polynomial with very good
results. When the weight, w, was initialized far from a minimum,
over-acceleration recduced the number of iterations by factors as

high as three.

Now, that the convergence factor S§'(w) could be calculated and
used to tell whether the general second order algorithm was within
a region of convergence (i.e., converging to the closest minimum),
the next problem was how to best increase the number of weights
with values in the neighborhood of zero, thereby increasing the

number of candidates for pruning.

(98]
|
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The error function could be slightly altered as follows to help
achieve this end (Oxley, 1990):

(35)

2

by
M=

1
2

=

p

J I
Dk—fk(z wzj'kfj[z WI; X1,
j=1 1=1

k=1

where N is the iteration count.

The additional term added to the original error function is a
weight adjustment term. With the 1inclusion of the weight
adjustment term, the weights will be minimized along with the
original error function. Using the factor 1/N, will ensure the
weight adjustment term has less and less effect as the iteration
count increases. For large N the term is essentially zero leaving

the original error expression.

w
}
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In addition, including the weight adjustment term causes the first

and second partial derivatives to change to the following:

/ 2

OE,

it

& E,
w23 i

Y1 £(5207% + Y1} £{(52,) (Y2,-D) + 2

oE X .
P = ¥ (¥2,-D,) £L(S2) W2, £} (S1,) K1, + Z_:f]wz
j 1

WL J 17

e

azE X / 2 / Z 2 2
2p = ka(SZk) fJ(Sl])“ WZj’k X.Zl
ani,j k=1

+ (Y2,-D,) £(52,) £5(51,)% w2} x1%
+ (Y2,~Dy) £,(52,) £7(51;) W2, , X1}

+

2
N

To test the effectiveness of the algorithm which includes the
weight adjustment term on finding weights with values close to
zero, the modified error expression was applied to the polynomial.
The results showed the algorithm consistently found the minimum

nearest to the origin.




However, concern still remained about how the algorithm with
weight adjustment would fair when encountering a point of
inflection. Should this occur when N was very large, it is
doubtful that the weight adjustment term would be able to have any
effect towards "pulling" the weights back towards the origin.
Also, another concern still existed. Should the weights be in the
neighborhood of a maximum, divergence may cause the algorithm to
overshoot the nearest minimum. These problems still required
further study of the convergence properties of the second order

algorithm.

Now, when the absolute value sign was imposed on the
denominator of Newton's second derivative expression, it changed
the algorithm such that it would only enter a region of convergence
when nearing a local minimum. It will diverge elsewhere. The
underlining question here is, can the algorithm be made to diverge
in a graceful manner when it is near a maximum point or point of
inflection? 1In other words, is it possible to control the rate of
divergence away from these points so that the algorithm is
migrating in a well behaved manner toward the "closest minimum"?
If so, how do we control it, and for what value of w do we impose
the control? If that value couid be estimated, then perhaps a
different algorithm could be temporarily employed until it enters

a region of convergence defined by S'(w). Once this region 1is
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entered, then the second order algorithm could be re-employed until

convergence is achieved to the minimum point.

To answer these questions, we examine three cases of possible
minimum/inflection/maximum conditions. The first of these is the
case where the inflection point is midway between the minimum and

maximum points. This is illustrated in figure 8.

S(W;

Figure 8. Inflection Faoint - Case |

When the algorithm is near the maximum point, it diverges away
in the direction of the minimum. It continues to diverge with each
iteration until it reaches some value of w where it is no longer
monotonically approaching the "cleosest minimum". In figure 8, this
pcint 1is where 8(w) 1is above the 1line whose slope is +1.
Therefore, if the algorithm is controlled by allowing it not to

continue once S8'(w) = 1, then the algorithm will not have overshot




the minimum point. By using either the previous step size or a
step size based upon the desired resolution, one could iterate past
the inflection region into the interval of convergence. (Note:
Desired resolution is the minimum distance between two adjacent
minima one hopes to resolve.) Once 8'(x) is between 0 and -1,
Newton's algorithm could be re-engaged and allowed to converge to

the minimum point.

Figure 9 illustrates the second case. This situation shows
the inflection point lying closer to the maximum point than the
minimum. Again, by choosing w where S'(w) = ", it can be seen that

the step size will not cause the algorithm to overshoot the minimum

point.
S \' A/ )
L l ~ N \\
A | i Sy
A Max inf Min L T
Siqure 9. Inflection Point - Case ||




Like the first case, once S'(w) > 1, either the previous step size
or a step size based upon the desired resolution could be
instituted. This step size could be maintained while transversing
through the inflection region until the convergence factor, s'({w),
has a value between 0 and -1. When this occurs, then Newton's

second order algorithm could be re-employed until convergence is

achieved.
S{W) -1 e
A
/ \\
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Figure 10. Inflection Foint - Case !l
The third and rast case 1is shown in figure 10. In this
instance the inflection point is closer to the minimum. The

situation here is different than the other cases because choosing

the value of w where the convergence factor S§'(w) = 1 may now cause
the algorithm to overshoot the "closest minimum". Furthermore,
this could occur for any w where S'(w) < 1. The closer S(w)




follows the line whcse slope is +1, the quicker the algorithm will
diverge and the more likely it will overshoot. The converse is
also true. This can be readily seen if one visualizes possible
intervals where S8*'(w) = 1 for different S(w). (Note: 8(w) must be
monotonically increasing on the interval bounded by the maximum
point and the point of inflection.) In addition, the nearer the
inflection point is to the minimum, the more likely the algorithm
will overshoot it. Unfortunately, there is no value of S(w) that
will guarantee convergence to the closest minimum for every error
function under these circumstances. One possible solution would be
to use a step size based upon the desired resolution during the
entire interval when the error function is in a region of a maximum
or point of inflection. However, this "brute force" method would
be quite slow especially when the desired resolution is small. The
best alternative appears to be to the same as outlined above for
the other two cases. That is, use Newton's algorithm until the
convergence factor S8'(w) is greater than one, then use either the
previous step size or one based upon the desired resolution. The
step size would be held constant at this value until reaching an
interval of convergence where the convergence factor, S'(w), is
between 0 and -1. This is perhaps the best we can hope for under
this situation. Many error functions, in particular those with
slow rates of divergence, may very well indeed converge to the

"closest minimum". But again it's important to emphasize the
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convergence is not guaranteed. Much depends upon the nature of the

error function and the relative distances of the critical points.

Recapping, to increase the chances of convergence to the
"closest minimum", Newton's second order algorithm will be used so
long as the magnitude of the convergence factor, 8'(w) < 1. When
the convergence factor 1is greater than or equal to one, the
previous step size or one based upon the desired resolution will be

used.

To test this algorithm, it was applied to the polynomial to
cbhbserve how well it converged to the closest minimum for various
starting values. (The weight adjustment term was not used during
this test.) The results showed that the algorithm consistently
converged to the "closest minimum" even when the initial starting
value was near a maximum or inflection point. However, it must be
pointed out that the ability of the algorithm to consistently
converge to the "closest minimum" for any starting value of w, may
be due to the nature of *he polynomial. Other polynomials may not
necessarily give the same results depending upon the positions of

the inflection points relative to the minimum and maximum points.




Error Predicting Function

Now that the algorithm is formulated that will minimize the

pattern error having weights close to zero, the on= last item which

will be derived is the error predicting function. This function

will be used to predict the change in pattern error when a weight

is removed (nulled). Beginning with a few terms of the

series:
S - T = 2 7y O
E (W) = E, (W) + STVE (W) + ST V? E (W5
where
Now, let
AE, = E (W) - E,(W,)
then

Taylor

(36)

(37)




Notice that the gradient will be approximately zero at a local
minimum. Therefore, the expression can be simplified to:

(38)

Ignoring the off diagonal terms of the Hessian matrix, the error
predicting function can be further simplified to:
(39)

1 azE' 5
AE, = =)y —F (W S
p 2; ow* ( c(n) ) (n)

where

S(n) = l(n)\wo(:r)

When on’y one weight is nulled, the expression becomes

(40)

where




Network Reduction

Various size neural networks were constructed to test the net
reduction technique on the XOR problem. The first net constructed
was comprised of a 10 hidden nodes. The output node was configured
for a sigmoid output. The net was trained to a total error of 0.01
or less over all traiaing samples. When the net was first trained
using the first order algorithm, a total 4 weights were found to
have values between -1 and 1. Next, the second order algorithm
with relaxation was employed. Not only was the weight adjustment
term included, but the program included a check of the convergence
factor. When the convergence factor, 8'(w), had a magnitude of 1
or more, then the previous step size was used until the magnitude
of S8'(w) once again fell between 1 and 0. Should a previous step
size not yet exist (i.e., first iteration), then a step size of 0.1
was used. As a resglt, the second order algorithm was able to
train the net, and arrive with 7 weights having values between -1
and 1. This provided an improvement of three additional i eights
over the first order algorithm. The seven weights and their values
are listed below in table 2. Next to each weight is the predicted
error upon the removal of the weight. The column on the far right
is the error measured when a test pattern was applied to the

network with the weight removed.




Table 2.
Pruriing Error (10 Hidden Nodes)

Value Pred. Error

-0.82317 x 1073
-0.46541 x 107

0.99105 x 107

-0.29116 107

0.51534
0.38774

-0.99846

In this network, of the 7 weights, nc 2 weights were found to
be inputs associated with the same node. Therefore, no node was
removed. All of the weights except the first were removed from the
net, and the network re-trained - this time using only the second
order algorithm. After the net was trained only 3 weights were
found with values near zero. Their predicted and measured errors
were small (i.e., < 0.00001) so they were pruned. Two of these
weights were associated with the same node, and so the node was
removed too. Again, the net was retrained; however, this time the
net was only able to achieve an error of 0.17. Since this did not

meet the intended goal of 0.01, the process was terminated.

w
1
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For the second test, a network was constructed with 15 nodes
in the hidden layer. Like the first net, this net was also
configured for a sigmoid output, and was trained to a total error
of 0.01 or less over all training samples. When the first order
algorithm was used to train the net, a total of 9 weights were
found to have values between -1 and 1. When the second order
algorithm was used, 14 weights were found to have values between -1
and 1. These weights are listed below in table 3 along with their

predicted and measured errors upon removal.




Table 3.
Pruning Error (15 Hidden Nodes)

Pred. Error Meas. Error

-0.0%56235 x 1077 7.3 x 10°°
0.869313 x 107 .8 x
0.554017 107

-0.673478 107

0.311442 107

0.769293 . 107
0.662095
-0.038621
0.099876
-0.372197
-0.432888
0.795237
0.598286

-0.542693




These weights all had small errors associated with them, so
they were all candidates for removal. Of the 14 weights, no two
weights were found to be associated with a single node; therefore
no nodes were pruned. Once the weights were removed, the net was
retrained. However, after only one pruning process this net, like
the previous net, failed to achieve the desired error of 0.01. It

was only able to achieve a total error of 0.13, so pruning ended.




IV Summary and Conclusion

This research accomplished its major objective, namely to
reduce a network by eliminating weights using error prediction.
However, the technique was not able to reduce a network down to its
theoretical minimum size. This minimum size for the XOR problem is
three nodes. For networks which underwent reduction, each failed
to reach the minimum size due to excess error after pruning. The
networks were not able to achieve an error of less than 0.01 after
retraining with weights removed. It is difficult to provide a
reason for this, but it may be due to the manner in which the
algorithm drove itself to find a local minimum with weights close
to zero. It is quite possible that other local minima exist which
may not have weights of low value, but nevertheless do provide
lower values of error. It is difficult to draw a definite

conclusion not having a complete picture of the error surface.

Another technique which was not all that successful was
predicting the amount of error associated with a weight whoen it was
removed from the net. For some examples the predicted error came
quite close to the actual error, but for others it was off by
several magnitudes. For a couple instances, the predicted error
was the wrong sign. The reason for these differences could be the

fact that the numbers used to calculate the error were so small




that round off error could be causing loss of precision. Also
surprising, was the difficulty involved in choosing which weights
from among those ¢lose to zero should be removed. It was
originally hoped that this decision process would be made easy by
having some weights with very small errors associated with them,
and other weights having very large errors. However, as the
results show, it was difficult to choose which weights to remove
due to the way in which the error was distributed among the
weights. One conclusion which the results do seem to support is
that the error associated with weights, for the most part, is
distributed somewhat evenly. This may be the reason why a network
tends to degrade in a graceful manner when some of its nodes are
eliminated. Originally, it was hoped to use the full Hessian
matrix during training and for error prediction; however, this
proved to be too costly in terms of computational requirements so
the idea was ‘lropped in favor of Le Cun's diagonal method. Perhaps
this approximation is thc cause of some of the error, but it is not
believed to be a major contributor, otherwise the algorithm may not

have been able to train the net.




On the other lrand, this research did have a number of
successes and a few surprises. First, the process by which a
minimum was found having weights close to zero did work quite well
- first with the polynomial, then with the network. In both cases
the number of weights with values close to zero increased when the
algorithm which included the weight adjustment term was employed.
Also, the process by which the algorithm checked the value of S'(w)
to determine if it was within an interval of convergence perforned
satisfactorily - at least on the polynomial. Along with checking
S'(w), the techniquz of using the previous step size (or a step
sized based upon the desired resolution) was also quite successful
on the polynomial at controlling the rate of divergence when
passing through an inflection point. It is difficult to draw a
definite ccnclusion for the network, since the error surface is
unknown. Neveictheless, the results appear to show that the process
worked well for the network too, since the number of weights near
zero increased in number. This suggests that regions of divergence

were either not encountered, or were controlled so the algorithn

would not diverge to some far distant set of weights.




One surprise finding wrs how well the first order algorithm
converged when using a variable eta. Although it did not converge
in less iterations than the second order algorithm, it did do much
better than the first order algorithm using a fixed eta. It also
performed better than the first order algorithm which used a

momentum term.

Another surprise finding was *that both the predicted and the
actual errors increased when a weight was removed. It might be
expected to have a handful of weights which would cause the error
to decrease. However, this was not the case. In almost every
example, removing the weight caused the error to increase. Cne
explanation for this may be the algorithm's effectiveness to locate
a local minimum. This would explain the ir.creasa in error when a

weight is perturbated.




Final Recommendations

The results presented here sugagest that reducing a network
using error prediction may not to be that effective or reliable.
As discussed above, the estimated error was not very close to the
actual error one received after removing the weight. Alsc, the
distribution of the predicted error among the weights made it
difficult to determine which weights to eliminate. Furthermore,
once the network was pruned a certain amount, it was unable to be

trained to the desired error.

In addition, this research suggest using a varying eta with
the first order algorithm may increase the rate of convergence over
an algorithm which uses a constant eta. Additional testing on
other networks will be necessary before any overall conclusions can
be reached, but the initial results look promising. However, where
a choice exists between using a first order training algorithm
versus a second order algorithm, the second order algorithm should

be chocsen because of its improved convergence properties.
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